We prove the Lawrence conjecture about p-adic convergence of the series of Ohtsuki invariants of a rational homology sphere to its SO(3) Witten-Reshetikhin-Turaev invariant. Our proof is based on the surgery formula for Ohtsuki series and on the properties of the expansion of the colored Jones polynomial of a knot in powers of q − 1 and q α − 1, α being the color of the knot.
1 Introduction a n (M; K) (q − 1) n , where a n (M; K) ∈ Z.
(1.1)
The coefficients a n (M; K) still depend on K, however Ohtsuki observed [13] , [14] that their remainders modulo K are almost K-independent. He showed that there exist K-independent invariants λ n (M) ∈ Q, n ≥ 0 such that
Here |H 1 (M, Z)| is the order of the first homology of M and R. Lawrence [5] conjectured that λ n (M) have much more control over Z ′ (M; K), than that displayed by eq.(1.2). She suggested that 4) and that the series
, that is,
Lawrence verified her conjecture for Seifert manifolds constructed by Dehn's surgery on (2, m) torus knots.
The goal of this paper is to prove the Lawrence conjecture for a general QHS Our proof is based on a surgery formula for the invariants λ n (M). This formula has first appeared [19] in the study of the asymptotic properties of Z(M; K) at large values of K. The same formula is relevant for the number-theoretic properties of Z ′ (M; K) because the sum in the r.h.s.
of eq. (1.5) considered as a formal power series in (q − 1), represents the trivial connection contribution to Z(M; K).
At the 'physical' level of rigor, the asymptotic properties of Z(M; K) follow from Witten's formula [29] which presents this quantum invariant as a path integral over SU(2) connections in the (trivial) SU(2) bundle over M. At large values of K the integral can be evaluated in the stationary phase approximation, the stationary phase points being the flat SU (2) connections. Therefore Witten conjectured that Z(M; K) splits into a sum of contributions coming from connected components M These coefficients are independent of K and therefore they can be expected to be related to classical topology. If M is a QHS, then the trivial SU(2) connection is an isolated point in the moduli space M. Therefore according to path integral predictions, it should yield a distinct contribution to Z(M; K) of the form 8) where D n (M) are complex-valued invariants of M.
Since the asymptotic properties (1.6), (1.7) of the WRT invariant have not been proven yet, we had to choose a different way to work with Z (tr) (M; K). Following the approach of Reshetikhin and Turaev [16] to the WRT invariant, we defined the invariant Z (tr) (M; K)
of a QHS M constructed by a surgery on a link L ⊂ S 3 as a formal power series (1.8) whose coefficients D n (M) are expressed in terms of the coefficients of the colored Jones polynomial of L through special surgery formulas [19] [20] [21] [22] . We call Z (tr) (M; K) defined by these formulas the TCC invariant, TCC being the abbreviation of the trivial connection contribution. We proved that Z (tr) (M; K) is well-defined by our surgery formulas, that is, it does not depend on the choice of a surgery link used to construct M. Then we gave a path integral explanation of why our invariant should indeed represent the trivial connection contribution to the path integral of [29] . We also proved [17] , [18] that the WRT invariants of Seifert homology spheres have the asymptotic properties (1.6), (1.7) and that the surgery formula for the TCC invariant of these manifolds yields the trivial connection contribution to their WRT invariants in the sense of eqs.(1.6), (1.7).
Our surgery formulas for Z (tr) (M; K) showed that, as we hoped, the first coefficients
There is an apparent similarity between eqs.(1.9) and (1.3). In [23] we showed that for n ≥ 2 the invariants D n (M) and λ n (M) are also essentially equivalent. More precisely, we proved the equation 10) which should be understood as a relation between two formal power series in K −1 . In view of relation (1.10), the Lawrence conjecture (1.5) has a deeper meaning: it means that although the TCC invariant Z (tr) (M; K) is only a part of the total WRT invariant Z(M; K), still it determines Z(M; K) for all prime K.
Our proof of eq.(1.10) as well as an alternative proof of the Murakami and Ohtsuki results (1.1) and (1.3) which we provided in [23] , was based on the propreties of the expansion of the colored Jones polynomial in powers of (q − 1) and colors (this expansion was first considered in [9] ). We used a previously established bound [21] on the powers of colors versus the powers of (q − 1) which exists for algebraically split links, i.e. links whose linking numbers are zero (recently T. Le [7] has used the same idea in order to prove the analogs of eqs.(1.1) and (1.3)
for SU(N) WRT invariants). However, the bound itself did not allow us to relate λ n (M) to
In [25] we proved that the expansion of the colored Jones polynomial of a knot in S 3 in powers of (q − 1) and α (α being the color of the knot) can be rewritten as an expansion in powers of (q − 1) and (q α − 1) (α being the color of the knot) with integer coefficients.
The integrality of those coefficients allowed us [24] to give a simple proof of Lawrence's conjecture for a QHS, constructed by a surgery on a knot in S 3 . In [27] we generalized the 4 results of [25] to a knot in a QHS In this paper we will use the method of [24] in order to prove the Lawrence conjecture in the general case.
Notations, background and statement of results
First of all, let us introduce our multi-index, number-theoretic and topological notations.
We use multi-index notations for the colors of links. For a link L with L components we denote x = (x 1 , . . . , x L ) and
When we consider two links L and L ′ simultaneously, we also use a multi-index notation
for the colors of the L ′ -component link L ′ . We denote concatenation of multi-indices as
We will use three variables K, q and h which are related by
A rational power of q is defined as
In many cases we will have to specialize K to a positive integer. In order to indicate this explicitly we use 'checked' symbolš Denote by Z (Ǩ) ⊂ Q the ring of rational numbers whose denominators are not divisible byǨ. There is a natural embedding
which maps fractions into power series inǨ. Whenever we use a notation λ ∨ , we assume that λ ∈ Z (Ǩ) . The homomorphism (2.7) can be extended from Z (Ǩ) to formal power series with coefficients in Z (Ǩ)
by setting h →ȟ. Indeed, since
As a result, any series of the form ∞ n=0 a nȟ n , a n ∈ ZǨ has aǨ-adic limit in 
Therefore the image of a formal power series S(h) = ∞ n=0 a n h n , a n ∈ Z (Ǩ) under the homomorphism (2.8) can be defined as the K-adic limit of the corresponding series
We will need a few more number-theoretic notations.
, and
For a primeǨ and an integer n not divisible by a primeǨ, let n * denote any integer such that
Also denote for an oddǨ
Finally, for x ∈ ZǨ, we denote by [x] N ∈ Z the remainder of x moduloǨ
Now let us fix some standard topological notations. Let K be a knot in a 3-manifold M.
A meridian of K is a simple cycle on the boundary of its tubular neighborhood, which is contractible through that neighborhood. A parallel is a cycle on the same boundary which has a unit intersection number with the meridian. A knot is called framed if we made a choice of its parallel. A link is framed if all of its components are framed. We denote framed knots and links by putting a hat on top of their symbols:K,L.
Suppose that a framed knotK is of finite order as an element of H 1 (M, Z) (we will denote the order ofK as o). Then its self-linking number p is the linking number between the knot and its parallel, p ∈ Z/o. Dehn's surgery on a framed knotK ⊂ M is a transformation of cutting out a tubular neighborhood ofK and gluing it back in such a way that the meridian of the tubular neighborhood matches the parallel left on the boundary of the knot complement.
A result of this procedure is a new 3-manifold M ′ .
In order to shorten our formulas, we will denote the order of the first homology of a QHS M as h 1 (M):
Let us recall the quantum invariants appearing in 3-dimensional topology. The colored Jones polynomial
is an invariant of a framed L-component linkL ⊂ S 
where sign(L ′ ) is the signature of the linking matrix ofL
For an empty link L we denote Zα(M,L;Ǩ) simply as Z(M;Ǩ). Note that we use the normalization in which
The WRT invariant (and all other quantum invariants of links that we will consider in this paper) has a simple dependence on the choice of framing ofL. As a result, if a component 8 K of a linkL ∪K has a finite order as an element of H 1 (M, Z) so that it has a well-defined self-linking number p, then we can introduce an invariant which does not depend on the framing ofK
IfK is homologically trivial, then K can be interpreted as a knot with zero self-linking number, otherwise K is just a symbolic notation for the framing-independent invariant
For an odd numberǨ, R. Kirby and P. Melvin introduced the SO(3) WRT invariant
H. Murakami [11] , [12] and T. Ohtsuki [13] , [14] proved that Z ′ (M;Ǩ) satisfies the following properties. 25) so that
Theorem 2.2 IfǨ is an odd prime and M is a QHS such that the order of the first homology
where a n (M;Ǩ) ∈ Z; (2.26)
where
is the Legendre symbol;
The goal of this paper is to prove the following conjecture made by R. Lawrence.
and ifǨ is an odd prime which does not divide h 1 (M), then
The proof of the Lawrence conjecture will be based on the properties of the invariant of QHS which we call the trivial connection contribution to the WRT invariant, or simply the TCC invariant. We introduced it and studied its properties in [19] [20] [21] [22] . The TCC invariant of a QHS M is a formal power series in powers of K 
denotes a stationary phase contribution of the point β = 0), or more precisely,
Equation (2.36) is a well-defined relation between formal power series. Indeed, since α (M,L; K) does not depend on the choice of the sequence of knot surgeries which leads from S 3 to M.
We also proved in [27] 
38)
then for fixed oddα
Remark 2.5 In fact, we proved relation (2.40) in [27] for a 0-framed link L. However, since
l jj being self-linking numbers of the link componentsL j , and since for oddα We proved in [19] and [21] that for an empty linkL, 
does not depend on the choice of the surgery linkL ′ which is used to construct M. We call 
Proof. 
or equivalently, α,β (M,L ∪K; K) and Corollary 3.6 which establishes the similarity between the gaussian sum of the surgery formula (2.46) and the gaussian integral of the surgery formula (2.35) as they appear after the substitution (3.6).
14 Our proof of Main Theorem relies exclusively on the properties of the TCC invariant. We use neither the Murakami-Ohtsuki Theorem 2.2, nor Theorem 2.7. In fact, Main Theorem is stronger than these theorems (except eq.(2.28) which we will prove in Appendix).
Preliminary results
All our proofs are based on a particular case of Theorem 1.8 of [27] .
Theorem 3.1 LetL be a framed link and letK be a framed knot with self-linking number p in a QHS M. Let o be the order of K as an element of H 1 (M, Z). For odd colorsα ofL, there exist the polynomials
such that
Here ∆ A (M, K; t) is the Alexander polynomial of K normalized in such a way that
Proof. For the case of 0-framed link L and knot K, this theorem is a special case of Theorem 1.8 and Remark 1.10 of [27] . Remark 2.5 allows us to extend it to framed links and knots.
Corollary 3.2 IfK is a framed homologically trivial knot with self-linking number p in a QHS M, then for odd colorsα
Proof. Since K is homologically trivial, then o = 1 and also
Therefore relations (3.2), (3.4) and (3.5) imply that ∆ A (M, K; t) and Pα ;n (M,L, K; t) are polynomials of (t
The expansion of denominators in the sum of eq.(3.3) in powers of (q β/2 − q −β/2 ) 2 leads to eq.(3.6). 2
To prove Main Theorem, we will also need some simple facts.
Lemma 3.3 (H. Murakami [11]) If f (q) ∈ Z[q, q −1 ] and its expansion in powers of
h = q − 1 is f (q) = ∞ n=0 a n h n ,(3.
11)
then for any N > 0
Lemma 3.4 IfǨ is prime and m, n ∈ Z, n not divisible byǨ, then there is an equlity in
where q m/n is understood as a power series in h
Proof. It is easy to see that if n is not divisible byǨ, then
and as a result 
Now eq. (3.13) follows from the fact that each term of the series (3.19) convergesǨ-adicly to the corresponding term of the series (3.18) as N −→ ∞. 2
Our proof of the Lawrence conjecture is based on a simple relation between gaussian sums and gaussian integrals. We introduce the following notation: for a function f (β), and a function of q
which is well-defined for 0 < |q| < 1. Then
while (3.22) can be extended analyticly to the vicinity of q = 1 and expanded in power series
Finally,
Proof. We calculate the sum
In the last line we used the formula for the gaussian sum which can be found, for example,
Equation (3.23) follows from eq.(3.26).
Next we calculate the gaussian integral 
and a function
which is well-defined for 0 < |q| 
Proof. Obviously,qǨ Since for m ≥ 0 
Proof of Main Theorem
We start with Symmetry Principle formulated by R. Kirby and P. Melvin in [4] . [26] which is a particular case of Theorem 1.8 of [27] (see Appendix C of [26] for the details).
Proof of eq.(2.47) of Theorem 2.8.
Our proof is a slightly shortened version of the proof of eq.(2.24) in [4] . The Symmetry Principle applied to the colorsβ in the surgery formula (2.21) suggests that the sum overβ can be split into a sum over the elements of the symmetry group generated by the transformations (4.1) acting onβ, and over the orbits of that action. Since according to our assumptions,Ǩ is odd, then each orbit contains a set of colorsβ which are all odd. Therefore for odd colorsα we can rewrite eq.(2.21) as
and l ′ ij are the linking numbers ofL ′ . Note that
and the sum X(L ′ ; κ) depends on K only through κ. Consider the invariant Z(M; K) at
A combination of eqs. 
In fact, since
then it is easy to see that 
Proof. Suppose that M is constructed by a surgery on a framed linkL ′ ⊂ S 3 . Then M ′ can be constructed by a surgery onL ′ ∪K withK ⊂ S 3 having a self-linking number
here l ′ 0j are the linking numbers between K and components ofL ′ while (
jk is the inverse linking matrix ofL ′ . Since
and for p = 0 The following two propositions will allow us to prove Main Theorem by induction.
Proposition 4.4 The Main Theorem is true for
Proof. According to eq.(2.46) applied in the trivial case of an empty surgery link, Proof. Suppose that h 1 (M ′ ) is not divisible by an odd primeǨ. Since 15) where p is the self-linking number ofK, then neither p nor h 1 (M) is divisible byǨ. We assume that eq.(2.50) is true for the linkL
On the other hand, ifα andβ are odd, then in view of eqs.(2.38), (3.6) and Lemma 3.3, for
Since we assumed thatǨ does not divide h 1 (M), then the first relation of (4.18) implies
is well-defined and we can also use 
We substitute eq.(4.20) into eq.(4.10). Sincě
and for oddβ 22) then it is easy to see that the contribution of the termǨ
Thus we come to the following statement: for any N 0 > 0 there exists N such that then we find that 
(this formula was first derived by L. Jeffrey in [3] ). Corollary 4.6 indicates that Main Theorem is true for
and as a result
Suppose that an odd prime K divides neither p, nor h 1 (M). Since h 1 (L p,1 ) = |p|, then in view of multiplicativity of h 1 (M) under the operation of connected sum,
and, as a result, K does not divide h 1 (M ′ ). Therefore, according to our assumptions, the claims of Main Theorem are true for M
α (M,L; K) are also multiplicative under the operation of connected sum, so 
TCC invariant
In [19] we used path integral arguments in the framework of the Chern-Simons quantum field theory of [29] in order to derive a much weaker version of Theorem 3.1. Considering that result as a conjecture, we used it to derive relations (2.44). Now that we have Theorem 3.1 at our disposal, we repeat the arguments of [19] in order to present a rigorous proof of (2.44) which in conjunction with Theorem 2.7 constitutes an alternative proof of Murakami's result (2.28).
The first of eqs. (2.44) was already established in [27] , so it remains to show that for a QHS M We have to establish some preliminary facts. We proved in [27] that for a knot K ⊂ M P 0 (M, K; t) = 1, (A.2)
here P n (M, K; t) = 1 are the polynomials of eq. 
